We discuss thermodynamic properties of harmonically trapped imperfect quantum gases. The spatial inhomogeneity of these systems imposes a redefinition of the mean-field interparticle potential energy as compared to the homogeneous case. In our approach, it takes the form
Introduction
The properties of trapped quantum gases, bosons or fermions, have been the subject of intense experimental and theoretical research in recent years. It brought a wealth of important results and the volume of the relevant literature evades any attempts to provide the reader with a selection of reasonable size. We would nevertheless like point out to Refs. as an example of a representative (yet still insufficient) sample on the subject.
From the point of view of thermodynamics, it is the inclusion of external fields that makes the theoretical description of these phenomena quite distinctive. This is due to the inherent inhomogeneity of trapped systems. Understanding how inhomogeneities manifest themselves on the level of a macroscopic (in particular, thermodynamic) description is of fundamental relevance for numerous fields, not only physics of cold gases. Motivated by this general challenge, we analyze and discuss a soluble model of interacting quantum particles, adapted to the case where the particles are placed in an external field; for the sake of simplicity, we restrict ourselves to the well-studied case of a harmonic trap. "Quantum" means here predominantly the explicit inclusion of quantum statistics, either Bose-Einstein or Fermi-Dirac, in the analysis.
The homogeneous imperfect gas
Even when inhomogeneity is absent, capturing the essence of the phenomena related to the realm of quantum condensed matter is not easy. This is why discussing exactly soluble, simple models is of a great value. One of these is provided by the so-called imperfect quantum gas model.
The model was proposed several years ago and is well established in the literature [24, 25, 26, 28, 29, 30, 27, 16, 31, 32] . In this description, the total potential energy of interparticle interactions is assumed to take the mean-field form and the system's Hamiltonian is
where N = k n k , n k is the occupation number of one-particle state with momentum k. The parameter a measures the strength of two-particle interaction and serves as the proportionality coefficient in the mean-field expression for the total potential energy aN 2 /2V . The sign of a indicates the nature of the interparticle interaction, i.e. the interaction is attractive for a < 0 and repulsive for a > 0. Thus, in the case of imperfect, repulsive bosons we have a = a B > 0 and n k = 0, 1, . . . ∞, while for the imperfect attractive fermions a = −a F < 0 and n k = 0, 1. One can then show [33] that the thermodynamics of the imperfect attractive spinless fermions exists only for d ≤ 2 and that exactly at d = 2 the thermodynamics exists only for negative values of chemical potential: µ < 0. No such restrictions are present in the case of imperfect, repulsive bosons. Remarkably, the thermodynamics of two-dimensional attractive fermions is identical to the thermodynamics of two-dimensional repulsive bosons provided the corresponding parameters a F and a B fulfil the relation [33] 
It follows from the above relation that the thermodynamics of two-dimensional imperfect attractive fermions with a F = a 0 is identical to the thermodynamics of two-dimensional perfect Bose gas. And, symmetrically, the thermodynamics of two-dimensional imperfect repulsive bosons with a B = a 0 is identical to the thermodynamics of two-dimensional perfect Fermi gas. This equivalence can be intuitively understood as the result of mutual balance between the exchange (statistical) interaction and the physical interaction.
Outline
The above thermodynamic equivalence holds for uniform imperfect quantum gases in d = 2. In this article we want to address the question whether analogous results can hold for nonuniform imperfect quantum gases enclosed in harmonic traps. This issue is of practical relevance since many of the experimental results discussed in the literature refer to trapped quantum gases. From the theoretical side, it is interesting to investigate how the external potential influences the aforementioned balance between the exchange and the physical interactions, and how the role of dimensionality comes into play in this inhomogeneous setup, also with respect to stability. The approach we adopt is based on the postulate that the total interaction energy term has similar formal properties to that of the homogeneous imperfect gas. Physically, these properties can be attributed to the Kac limiting procedure [36, 37] , which corresponds to the case of an extremely weakly interacting gas with a long-ranged interaction potential. The adaptation we give was proposed independently in [16] . To complement the discussion, we also investigate the emergence of the Bose-Einstein condensation in an imperfect gas of trapped, repulsive bosons, analogously to the homogeneous case [32] ; for a thorough discussion, see [16] . Our work has the following structure. In Sec. 2 we introduce the aforementioned modification of the imperfect quantum gas Hamiltonian which applies to the case when the particles are located in an isotropic harmonic trap. We present a method of evaluating the grand canonical partition function for this model, discuss the system's stability, and derive the formulae for the relevant thermodynamic quantities. In Subsec. 2.2 we briefly discuss the phenomenon of the Bose-Einstein condensation in a system of trapped, repulsive bosons, observed when d > 1. In Subsec. 2.3 we show that within this approach, the trapped fermionic particles interacting via an attractive potential are indeed thermodynamically equivalent to the system of repulsively interacting trapped bosons, provided the dimensionality of the systems is d = 1 and the coupling constants are appropriately adjusted. Sec. 3 is devoted to a short summary and discussion. The Appendix presents our adaptation of the Kac scaling to the case of the harmonic trap. The postulated form of the interaction energy emerges there in a straightforward way.
2 Imperfect gas in a harmonic trap
Adaptation of the imperfect gas model to harmonic traps
We aim at evaluating the thermodynamic properties of the d-dimensional imperfect gas of N interacting spinless quantum particles of mass m (either fermions of bosons) subject to the external harmonic potential
where r is the radial coordinate in R d and ω -the trapping frequency. In the absence of interparticle interactions this model yields the ideal trapped gas [13] . When the interparticle interactions are to be included in the spirit to the imperfect quantum gas model, the imperfect Hamiltonian in Eq.(1) ceases to be directly applicable as the available volume for the trapped particles is considered infinite from the very beginning. On the other hand, we wish to keep the N 2 factor in the mean-field expression for the gas potential energy because its proportionality to the number of pairs of interacting particles reflects the physical meaning of this approach [16, 24, 25, 26, 28] . The potential energy has to give a nontrivial contribution to the intensive thermodynamic quantities of the trapped gas in the appropriately defined limit which plays the role of the standard thermodynamic limit. For harmonically trapped gases this limit corresponds to ω → 0, N → ∞ with N ω d = ρ ω fixed [9, 11, 13, 16, 21] , and is also called the thermodynamic limit. Thus we choose the system's potential energy in the form
This choice ensures that the interaction energy becomes additive in the thermodynamic limit ( ∼ ρ ω N ), in analogy with the free imperfect gas interaction energy (∼ ρ V N , where ρ V = N V is the number density). One can argue that expression (4) finds its justification within the Kac model [36, 37] , see Appendix for details.
We emphasize that the above postulated form of the interaction is different from the one that is usually called a "mean field" in the context of inhomogeneous gases within the so-called local density approximation. There, the interaction term is chosen such that the energy density is proportional to n 2 (r), where n(r) is the local density. The system is then locally approximated by a gas subject to an equation of state equal to that of the homogeneous imperfect gas as described in Eq. (1). This, however, is not in accord with the model we want to propose, which requires that the energy be proportional to the total number of pairs of particles in the system (global mean field). This, as we shall see, will lead to distinct results as compared to the ones obtained by the local version of the mean field theory. A similar distinction is encountered in [27] .
With (4) as the interaction term, the energy levels of the imperfect gas of N particles in a harmonic trap take the following form Let us note that the interpretation of the interaction energy term (4) is particularly simple in d = 1, which turns out to be of special relevance below. The harmonic trap offers a natural energy scale, ω. By the exchange a → a/ the interaction can be written simply as
with a dimensionless. The N 2 term gives the number of pairs of interacting particles in the trap, and hence a is then the ratio of the average interaction energy of a pair of trapped particles to the energy scale provided by the trap. Note, however, that we will keep the form (4) in d = 1.
Solution method
To analyze the thermodynamic properties of trapped, imperfect quantum gases we employ the grand canonical ensemble. The thermodynamic state of the system is specified by the temperature T and chemical potential µ. The harmonic trap frequency ω is an additional parameter with ω −d playing the role of volume V . In order to find the thermodynamics of this system we compute the grand canonical partition function
where {nm} ′ denotes the sum over all values of n m satisfying the constraint m n m = N . The evaluation of (6) follows the same lines as in [33] and makes use of the Hubbard-Stratonovich transformation [34] based on identities
which hold for α > 0. The first of these identities is suitable for repulsive bosons with a = a B > 0 while the second for attractive fermions with a = −a F < 0, see Eqs (5) and (6) . After inserting (7), (8) and (5) into Eq.(6) and changing the integration variables one obtains the following integral expressions for the grand canonical partition functions for imperfect, repulsive trapped bosons Ξ + (T, µ, ω) and imperfect, attractive trapped fermions Ξ − (T, µ, ω)
where ζ = ±, γ − denotes the real axis, and γ + is a contour in the complex plane, parallel to the imaginary axis chosen such that Re(η) < 0. The quantity a ζ is chosen such that a + = a B corresponds to repulsive bosons while a − = a F corresponds to attractive fermions. The function Φ ζ (η; β, µ) in Eq. (9) has the following form
n κ is the Bose function. Note that the log term in Eq.(10) is relevant only for the case of repulsive bosons in d > 1 and accounts for the phenomenon of the Bose-Einstein condensation, see [31, 32] . With the grand canonical partition function given by Eqs (9) and (10) one can discuss the issue of the existence of the thermodynamic limit of the grand canonical free energy and its form using the method of steepest decent.
Existence of thermodynamics of trapped imperfect gases
In order to address the question of convergence of the integrals defining the grand canonical partition function in Eq.(9) and the existence of thermodynamics, we recall that for Re(η) → −∞ one has g d (ζe η ) → ζ e η , irrespectively of d, and for η → +∞, g κ (−e η ) ∼ −η κ . Thus the relevant integral exists for repulsive trapped bosons. For fermions, on the other hand, the convergence of the integral in Eq. (9) 
. Hence the integral converges if 0 ≤ a F < . If a F = one has to impose the conditionμ < 0 in order to provide the convergence of the integral and thus the existence of thermodynamics.
Thermodynamic quantities of trapped imperfect gases
In the limit ω → 0 the grand canonical free energy density Ω(T, µ, ω) ω d and the average particle density N ω d can be calculated for imperfect trapped attractive fermions and repulsive bosons by evaluating the integrals in Eq. (9) via the method of steepest descent. In agreement with the remarks in Subsec. 2.1 concerning the existence of thermodynamic description we restrict our considerations to the cases d ≤ 1 when discussing fermions [38] . In the following we use the short hand notation: the fermionic (bosonic) quantities are denoted with superscript F (B) and correspond to parameter ζ = −(+). At the same time the interaction parameter a is replaced by a ζ with a − = a F or a + = a B . The equation Φ ′ ζ (η; β, µ))| η=q determining the saddle point η = q ζ (T, µ) takes the form
This results in the following expressions for the harmonic density
and the free energy density
We note that the above formulae have similar structure as in the case of homogeneous imperfect gases, see [33] . This suggests the following correspondence when going from the trapped to the free case: d → 2d and k B T → λ.
Bose-Einstein condensation of trapped repulsive bosons in d > 1
To show the emergence of BEC in this system (for comparison, see [16, 32] The formula (14) reveals an important characteristic of the model we are considering. Namely, it displays a linear relation between the chemical potential and the particle number at T = 0, N ∼ µ for all d. This conclusion remains in contrast with the results following from the Thomas-Fermi approximation to the Gross-Pitaevskii theory of interacting Bose gases, which predicts N ∼ µ (d+2)/2 , so that the exponent depends on d [42] . This discrepancy may be attributed to the absolute lack of spatial correlations induced by interactions in the imperfect gas model. Indeed, the interaction term (4) influences neither the thermodynamic entropy (which does not depend on a 1 ) nor the spatial form of ground state profile at T = 0. The latter is given simply by a product state (which is again specific to mean-field theories). On the contrary, the spatial form of the minimizer of the Gross-Pitaevskii functional (both in the general case and in the TF limit) changes significantly with the GP interaction parameter g (g being an analogous, yet in principle a different quantity than our a), which hence has an impact on the correlations in the ground state, as should be expected from a genuine interaction. The failure of the imperfect gas model in reproducing spatial correlations due to interactions can be traced back to the nature of the Kac scaling which gives rise to it, see Appendix.
Thermodynamic equivalence of attractive fermions and repulsive bosons in d = 1
In this section we explore the case d = 1, where the function q depends on T andμ only via the product βμ, see Eq. (11) . Recall also that g 1 (e z ) = − log(1 − e z ). For attractive imperfect fermions one then has
while for repulsive bosons
To show the equivalence we introduce the auxiliary variable x such that
or equivalently
From the uniqueness of solutions of Eqs (15), (16), and (17) it follows that if
then x(T, µ) = q + (T, µ). Moreover, it follows from Eq.(17) that log(1 + e q − ) = − log(1 − e x ) with the consequence that if Eq. (19) is fulfilled then from (12)
1 An analogous phenomenon is encountered in the classical van der Waals theory of imperfect gases with the well known equation of state p =
: also here the entropy depends only on b and not on a For clarity, Eq. (20) explicitly displays the parametric dependence of ρ ζ ω on a ζ . Thus a trapped imperfect attractive Fermi gas with the coupling constant a F has the same harmonic density as the repulsive Bose gas with the coupling constant a B = − a F . Note the boundary case a F = corresponds to the situation in which the trapped attractive Fermi gas has exactly the same harmonic density as the ideal Bose gas in the harmonic trap. The above correspondence holds also for the thermodynamic limit of the grand canonical free energy densities
To see this, we recall the Landen's identity [35] 
and again represent q − (T, µ) in Eq. (13) by the auxiliary variable x, see Eq. (17), which was shown to be equal to q + (T, µ) if the relation (19) is fulfilled. In particular, (17) implies log
. Inserting these into the Landen's identity one gets
By (13) and (18), one finds that this is the desired result (Eq. (21)) if (19) is satisfied. Thus, similarly to the two-dimensional homogeneous case, we demonstrated the thermodynamic equivalence of one-dimensional trapped imperfect attractive fermions and repulsive bosons.
Summary
We have introduced a generalization of the imperfect gas model, suitable for the case of interacting particles enclosed in a harmonic trap. The main constraints imposed on this generalization were to maintain the proportionality of the interparticle interaction potential energy to the number of pairs of particles, and to provide the existence of appropriately defined thermodynamic limit. The presented approach is meant to reflect the mean-field-like picture of reality. It is subject to an exact analytic treatment within the framework of equilibrium statistical mechanics. Having formulated the model of trapped, imperfect gases, we have derived a noteworthy result in the theory of imperfect gases, namely the thermodynamic equivalence of attractive fermions and repulsive bosons. Contrary to the free case, where this remarkable fact is observed in d = 2, in the case of harmonically trapped imperfect gases the equivalence emerges in one-dimensional systems. The dimensionality d = 1 is in this case exceptional since it is the boundary dimensionality above which a system of attractively interacting imperfect trapped fermions loses its thermodynamic stability. Moreover, noting that the results for the trapped imperfect gases in dimensionality d have a similar mathematical structure as in the case of a free imperfect gases in d ′ = 2d, we have shown that trapped repulsive bosons undergo the BoseEinstein condensation if the chemical potential attains a sufficiently large and positive value at a given temperature. The BEC appears only if d > 1 which again exposes the role of this particular dimensionality. The d → 2d correspondence is rooted in the presence of the external potential imposing the inhomogeneity of the studied gases, and not in the interparticle interaction. It provides an example of how the inhomogeneity of a thermodynamic system influences its fundamental properties.
Here we provide arguments that the expression for the potential energy of an imperfect trapped gas, Eq.(4), can be obtained via a procedure analogous to the Kac limit [36, 37] applied to the trapped quantum gas. Accordingly, one assumes that the two-body interparticle potential v(x) has the form v(x) = γ d v 0 φ(γx), where γ −1 has dimensions of length and represents the range of interaction, the amplitude v 0 has dimension energy×volume, and φ is an integrable function with unit integral taken over infinite volume. The Kac limit γ → 0 corresponds to interparticle potential which is both extremely weak and long-ranged. In the homogenous case, the imperfect Hamiltonian in Eq.(1) can be obtained from the second-quantized form of the Hamilton operatorĤ
in the Kac limit with the results result a = v 0 . In the case of trapped quantum gas one replaces in Eq. (24) 
which, after inserting into the second-quantized Hamiltonian and assuming γ/ω = const, leads to the imperfect trapped gas Hamiltonian. Note that the condition γ ∼ ω can be imposed at the level of the saddle point expansion, which is in our case equivalent to the thermodynamic limit. It is straightforward to generalize the above considerations to higher dimensions.
